Abstract. Let χ be a quadratic Dirichlet character. In some literatures, various asymptotic formulae of L ′ (1, χ), under the assumption that L(1, χ) takes a small value, were derived. In this paper, we will give a new treatment unified for the odd and even cases, not depending on Kronecker limit formula. For imaginary quadratic fields, our result coincides with Proposition 22.10 in [1] .
Introduction
Siegel zeros (if possible) cause many strange phenomena. For a good survey, we refer to [2] . In [3] , [4] and Chapter 22 of [1] , some asymptotic formulae were derived. And for imaginary quadratic fields, our following main result is the same as Proposition 22.10 in [1] essentially. 
The Proof of the Main Theorem
We need some preliminary results before proving it. we get that
Lemma 2.2. Suppose χ is a primitive real Dirichlet character modulo q and q < x. Let
where
Proof: Let α = a/q with (a, q) = 1, and e(t) = exp(2πit). Set f (m, n) = Λ(n)e(αmn). By Lemma 2.1, we have
Let rn = l,
we derive by partial summation that
For a real primitive character χ modulo q,
The following lemma shows that the absolute value of the means of some suitable multiplicative functions does vary slowly. 
The implied constant is absolute and computable.
From the above lemma, we can deduce the following corollary.
Corollary 2.4. Suppose f is a real-valued multiplicative function with |f
Proof: By Lemma 2.3, there exists an absolute constant C 0 > 1 such that
Without loss of generality, we may assume 1
For the case
f (n) < 0 and the real-valued function f satisfies |f (n)| 1 for all n. Hence we get that
On the other hand, from Theorem 2.3, we deduce that
.
A basic observation is that the function
Furthermore, from log x log(2ω) > exp( 
Taking the inequality 2.2 into consideration, we get 1
This leads to a contradiction!
In such a case, the result is implied by the trivial estimate:
log log x log(2ω) .
In conclusion, we always have
Lemma 2.5. Suppose 2 √ x < u 2 < x and χ is a non-principle Dirichlet character modulo q, we have
Proof: By partial summation,
From the property of λ(n), we have
In the last step, we used the Pölya-Vinogradov estimate.
On the other hand, we have
Combining the above identities, we have
Applying Corollary 2.4, we have (2.7)
By Corollary 2.4, for du t
Due to the identity (2.8), now we can handle the sum I 1 .
combining (2.5), we get
Finally, combing equations (2.4), (2.9) and (2.7), we get
Lemma 2.6 (see (22.109) in Chapter 22 of [1] ). Suppose χ is a non-principle Dirichlet character modulo q and x q, we have
The following corollary shows that if L(1, χ) takes small value, then χ(p) takes negative value for most of small prime p.
Corollary 2.7. Suppose χ is a quadratic Dirichlet character modulo q and x q. Then
where c is some positive constant.
Proof: By Lemma 2.6, we have Combining the estimate (2.12), we get the conclusion. 
